In this paper we study the nonlinear equation of elastodynamics where the free energy functional is allowed to be nonconvex. We de ne the notion of Young measure solutions for this problem and prove an existence theorem in this class. This can be used as a model for the evolution of microstructures in crystals. We furthermore introduce an optional coupling with a parabolic equation and prove existence of a Young measure solution for this system. Acknowledgments I would like to thank Stefan M uller for his steady and valuable help, Sophia Demoulini and Johannes Zimmer for very stimulating discussions.
Introduction
A crucial assumption to obtain existence of weak solutions for nonlinear elasticity equations in the static case is the polyconvexity of the underlying free energy potential (see Bal77]). However in many cases the polyconvexity of the potential is not appropriate to re ect the physical situation. Therefore a weaker concept for solutions has beenintroduced, the so-called Young measure solutions (YM-solutions). This concept can be applied to crystals where nonconvex elasticity equations can be used to describe the development of microstructures (which are important especially for shape memory alloys) as has been pointed out in the fundamental A rst approach to the dynamic elasticity equation (with some additional assumptions on the free energy, valid in particular for antiplane sheer) was presented in Rie00] using the method of discretization in time. A similiar result was obtained in DST] , where (in a di erent c o n text) existence was proved in arbitrary space dimensions for the polyconvex case under some growth conditions. In the rst part of this article we p r o ve the existence (globally in time, for large initial data) of Young measure solutions for nonconvex elasticity equations in arbitrary space dimensions under some growth conditions on the free energy. In contrast to DST] we have to assume that the Andrews-Ball condition (see below) is satis ed, but we d o not need polyconvexity. In the second part we study a model problem where we couple a nonconvex elasticity equation with a parabolic equation (possibly of forward-backward type). The physical motivation is to study crystals consisting of di erent types of atoms, where solid state di usion occurs and in uences the elastic properties of the material. The mathematical structure is also similiar to thermoelastic problems. We extend the concept of YM-solutions to this hyperbolic-parabolic system and prove existence.
YM-solutions for an elasticity equation
In this section we p r o ve the existence of Young measure solutions for nonconvex elasticity equations. Let p 2 be a xed constant. (Later p will denote the growth rate of the free energy at in nity.) By p 0 we denote its conjugate, i.e. u tt (x t) ; div S(ru(x t)) = 0 (x t) 2 0 T ) u( 0) = u 0 u t ( 0) = z 0 u = g on @
with S = r and 2 C 2 (R I m n R 
We now want to de ne what we will call a Young measure solution. Therefore we introduce a measure expressing the probability distribution of the deformation gradient at a certain point In this section we prove the following existence theorem: 
and (ru " ( t )) " generates for every xed t 2 (0 T ) a Y oung measure t .
Now w e claim, that (u ) i s a Y oung measure solution of the elasticity equation. To prove this we consider the convergence of the terms in the viscoelastic equation (taking subsequences, if neccessary). First we observe t h a t b y t h e c o n vergence proved above a n d t h e H older inequality: u tt (x t) ; div S(ru(x t) c (x t)) = 0 c t (x t) ; div K(rc(x t) u (x t)) = 0 u( 0) = u 0 u t ( 0) = z 0 c( 0) = c 0 u = g on @ ñK(rc u) = 0 on @ (6) with S = r 1 and K = r 1 (r 1 denoting the derivative with respect to the rst variable). Bỹ n we denote the outward normal on @ . To make things easier we only consider the case p = 2, i.e. we assume that S and K are of linear growth in the rst variable and , 2 C 2 are positive and of quadratic growth in the rst variable. We want to remark, that (6) is only a model problem for studying some typical mathematical di culties. A realistic model for di usion phenomena should include at least a ru-dependence of the di usion tensor K rather than a u-dependence.
We extend the notion of YM-solutions to the coupled system, where the measure describes the probability distribution of the gradient o f u (in the same way as in the last section) and the measure describes the probability distribution of the gradient o f c:
De nition 3.1 (YM-solutions for an hyperbolic-parabolic system) We call the quadruple (u c ) a Young measure solution of the system (6) if for T > 0: To p r o ve this theorem we apply the same methods as in the previous section: We r s t p r o ve t h e existence of a w eak solution for our system equipped with additional dissipation terms, i.e. we study (for " > 0): u " tt (x t) ; div S(ru " (x t) c " (x t)) ; " u " t (x t) = 0 c " t (x t) ; div K(rc " (x t) u " (x t)) ; " c " t (x t) = 0 u " ( 0) = u 0 u " t ( 0) = z 0 c " ( 0) = c 0 u " = g on @ ñ(K(rc " u " ) + "rc " t ) = 0 on @ (7)
For this system we can prove the following theorem: First we discretize with respect to time. To m a k e life easier we drop the " in the notation of u " and c " and use u and c instead. We denote the discretized variables by ( u h j ) h j (c h j ) h j . (Often we will drop the h.) For j = 0 1 : : : we will construct (weak) solutions of these discretized equations (together with the standard boundary conditions):
u h j ; 2u h j;1 + u h j;2 h 2 ; div S(ru h j c h j;1 ) ; " u h j ; u h j;1 h It is convenient to de ne the`discretized velocity': v h j := u h j ; u h j;1 h :
We n o w w ant to derive an a priori estimate for the discrete energy: To prove t h i s w e exploit that the nonconvex energy densities and are \convexi ed" by t h e viscosity term. We start by considering the energy di erence in one time step: 
To p r o ve the convexity o f g we apply (13), which itself is a consequence of the Andrews-Ball condition (for a proof see e.g. FD97] The functional W h j is weakly lower semicontinuous since its integrand is convex in (ru rc), which is true since the \critical" terms (ru c h j;1 ) + 1 2h jruj 2 and (rc u h j;1 ) + 1 2h jrcj 2 are convex for su ciently small h > 0. Since W h j is also bounded from below by zero, there exists a (not neccessarily unique) minimizer (u c). By a standard calculation one can show, that (u c) solves the time-step problem. We de ne (u h j c h j ) : = ( u c). By induction we g e t the existence of a time-discretized solution to the discrete problem.
In the next step we interpolate this discrete approximation (u h j c h j ) in time. Here it is convinient t o u s e t wo di erent a p p r o ximation schemes, i.e. the piecewise constant and the piecewise a ne interpolation. (step function approximation of c).
We have choosen the notation in such a way that the step functions are each labeled with di erent characters (w, v, u resp. d and c) depending on the order of derivative they are approximating. Their primitives are denoted with the character of the corresponding lower order terms and an additional squiggle, e.g. the primitive o f w h is denoted asṽ h . Later we will show that the interpolations denoted with and without a squiggle of the same character (i.e. terms of the same order) coincide in the limit h ! 0 a n d c o n verge to our solution or its derivatives. From these bounds we get the following weak convergence results (again choosing subsequences):
Then for all f 2 L 2 ((0 T ) X ) with sup t jjf(t) If we insert these estimates into (23) and take the limit ! 0, then we get: Z Furthermore for a.e. t 2 (0 T ) the sequence ru " (t) generates the Young measure t and rc " (t)
generates the Young measure t .
For a subsequence we can consider the limit of the viscoelastic equations for " ! 0 b y using the growth conditions on S and K and the strong convergence of u " and c " in L 2 . The Neumann boundary condition on c " is converging to the Neumann boundary condition on c. This calculation concludes the proof of the existence Theorem 3.2.
